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Abstract 

In this paper, we develop the results obtained recently by the au¬ 
thors in [2]. We investigate the weighted p(a:)-Hardy inequality with 
the additional term of the form 

[ ^ + [ inog^W3,ydx), 

Jq Jq 

holding for Lipschitz functions compactly supported in fl C We 
focus on the n-dimensional case giving some examples. Moreover, we 
compare our inequalities with the existing in the literature. 
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1 Introduction 


By p(x)-harmonic problems we understand those which involve p(a:)-Laplace 
operator ^p(^x)U = div(| Let fl be a given open subset of M”, 

not necessarily bounded. We assume that the function p is such that p G 
Wl^liVL), G L\^^{VL) and satishes 1 < essinf 3 ;gQ p(x) ^ p{x) ^ 

esssup^gt 2 P(a^) < oo. 

In [2] the authors proved the inequality holding for every Lipschitz func¬ 
tion ^ : ff —)■ M with compact support in fl having the following form 

^ ^ j (1) 

where the measures pip{dx), p 2 ,i 3 {,dx) depend on the nonnegative solution 
to nonlinear problem —Ap(^x)U ^ $ with a locally integrable function <h (we 
recall the result as Theorem 12.II here!. and on a certain parameter f3 > 0. 

We investigate father ([T]) paying special attention to n-dimensional do¬ 
mains fl (n ^ 1). In the general approach we do not require any kind of 
symmetry of u, p, or fl. We present the example of Hardy-type inequality in 
a general non-radial case. However, when we assume that u is radially sym¬ 
metrical, its p(a;)-Laplacian has simpler form (see Fact 12.ip and the measures 
are much easier to compute (see Theorem 12.2p . We give certain examples. 
We stress that we do not expect p to be radial. 

We deal with the variable exponent Lebesgue spaces, which recently have 
received more and more attention both — from the theoretical and from the 
applied point of view. We refer to books u\m for the detailed information on 
the theoretical approach to the Lebesgue and the Sobolev spaces with variable 
exponents. Various attempts to prove existence, uniqueness, or regularity 
theory for problems stated in variable exponent spaces are to found e.g. in [H 
E]. We refer for the survey [13] summarising inter aha results on qualitative 
properties of solutions to the related PDFs. 

The typical examples of equations stated in variable exponent spaces are 
models of electrorheological fluids, see e.g. [2H 125]. Electrorheological fluids 
change their mechanical properties dramatically when an external electric 
held is applied, so variable exponent Lebesgue spaces are natural settings 
for their modelling. Some classical models are also generalised in variable 
exponent Lebesgue spaces. In [7] we hnd investigations on Poisson equation, 
as well as Stokes problem being of fundamental importance in describing 
huid dynamics. 
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Hardy-type inequalities are important tools in various fields of analy¬ 
sis. Let us mention such branches as functional analysis, harmonic analysis, 
probability theory, and PDEs. Weighted versions of Hardy-type inequalities 
are also investigated on their own in the classical way [m 1221127], as well as 
in the various generalised frameworks 

Recently, Hardy-type inequalities in variable exponent Lebesgue spaces 
have become a lively studied topic of analysis EmiSllISlEnilTS]. However, 
they are usually considered in one dimension, and there are only a few n- 
dimensional results. The paper [26] is devoted to the inequality with the 
weights depending on distance from a single point, while in [12] the weights 
depend on distance from a boundary in M”. 

We point out that in the majority of the above mentioned papers the 
authors deal with the norm version of Hardy inequalities. We obtain the 
modular one. We would like to stress that only in the constant exponent case 
the both types are equivalent. In the variable exponent case it is not direct 
to transform one of these types to another. To the authors’ best knowledge 
the only result of this kind is given by Fan-Zhao m Theorem 1.3] where 
the authors derive a tool giving certain form of the norm version of Hardy 
inequality from a modular one. 

The tool we investigate in this paper is the general p(a:)-Hardy inequality, 
which was introduced by Barnas-Skrzypczak [2]. Its proof is based on the 
methods from mm developed in [271 1281 129] . The special cases of the 
general p(a:)-Hardy inequality ([T]) are classical Hardy and Hardy-Poincare 
inequalities with optimal constants. 

The paper is organised as follows. In Section [2] we introduce tools. In 
Section [3] we give examples. Section 0] is devoted to links with literature. 

2 Preliminaries 

Notation 

In the sequel we assume that hi C M”' is an open subset not necessarily 
bounded. If / is defined on the set A by fxA we understand function / 
extended by 0 outside A. By (•, •) we understand the classical scalar product 
in M". 


3 


General Lebesgue and Sobolev spaces 

In the sequel we suppose that measurable function p : Q ^ (IjOo) is such 
that 

1 < p~ := essinfp(a;) ^ p{x) ^ p'^ := esssupp(a;) < oo. (2) 

xen 

We recall some properties of the variable exponent spaces and 

By E{Q) we denote the set of all equivalence classes of measurable 
real functions dehned on hi being equal almost everywhere. The variable 
exponent Lebesgue space is dehned as 

= {u e E{n) : [ \u{x)f^^^dx <oo} 

Jn 

equipped with the norm ||n||i;,p(a:)(Q) := inf |a > 0 : ^ l|. 

We dehne the variable exponent Sobolev space by 

l 4 /i,p(x)(^) = g : Vu e LP^^\n;R^)} 

equipped with the norm ||n||vyi,pW(o) = ||M||LPW(n) + II Vn||i,pW(Q). 

Then || • ||iP(:.:)(Q)) and || • ||vri’P(^)(o)) separable 

and rehexive Banach spaces. 

For more detailed information we refer to the monographs miiniin]. 

By V{fl) we denote the class of the functions p such that ([2]) is satished 
and p e G Ll,{n). 

Differential inequality 

Our analysis is based on the following differential inequality. 

Definition 2.1. Let VL he any open subset of ML. We assume that the mea¬ 
surable function p : Q ^ (l,cxo) satisfies ([2]) and $ is the locally integrable 
function defined in O such that for every nonnegative compactly supported 
w e we have f^^wdx > —oo. 

Let u G and 0. We say that 

^p{x)U ^ *F, 

if for every nonnegative compactly supported w G W^’^'^^\Vl), we have 

{—Ap(^x)U,w) := f \Vuf^^'^~‘^(Vu,Vw)dx^ f ^wdx. (3) 

Jn Jn 
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Remark 2.1. Note that p(x)-Laplacian is a continuous, bounded, and strictly 
monotone operator defined for every compactly supported function w G 
ppi.p(a;)(y2) (see e.g. [9l Theorem 3.1] for the definitions and the proofs). 
In particular, it is well-defined in the distributional sense. 

When we consider radial solutions to — ^ we need the following 

useful fact, whose proof is given in Appendix. 

Fact 2.1 (p(a:)-Laplacian of a radial function). Let VL C M"- he an open set 
and u{x) = u(|a:|) G fl then 


^p[x)U{x) = 

= |u'(|x|)|P(")-2[(Vp(x),a;)u'(|x|)i^^^^^ + u"(|x|)(p(x) - 1) + 


\x\ 


Crucial conditions 

We suppose that the measurable function p : 12 —)■ (1, cxo) satisfies ([ 2 ]), non¬ 
negative u G ^ ^oci^) satisfy PDI — ^ $, in the 

sense of Definition 12.11 We assume that there exist a continuous function 
cr(x) : 12 —)■ M and a parameter /3 > 0, such that the following conditions are 
satisfied 


$ ■ u -I- cr(x)|Vu|^^'^^ ^ 0 a.e. in 12, 
13 > sup a{x). 


( 4 ) 

( 5 ) 


General variable exponent inequality 

We investigate further the following main result of Barnas-Skrzypczak [2]. 

Theorem 2.1 ([2], Theorem 4.1). Let 12 C he an open subset not nec¬ 
essarily hounded and p G P(12). Let nonnegative u G and <h G 

Ljoci^) satisfy PDI -A p(x)U ^ in the sense of Definition \2.1[ Assume 
further that functions u, p{x), a(x) and a parameter (3 > 0 satisfy Crucial 
conditions (jl|) and (j5|). 

Then for every Lipschitz function ^ with compact support in 12 we have 

Jn Jn Jn p[x) 

( 6 ) 
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where 


^i,f}{dx) = {^ ■u + a{x)\Vu\P^''^)-u ^ ^X{u>o} dx, (7) 

ix- ( 8 ) 

Remark 2.2. We note that ([2]) is of Hardy type with respect to ^ and of 
Caccioppoli type with respect to u. Indeed, in the terms of ^ — we find 
on the left-hand side of ([6]) and on the right-hand side. Caccioppoli 

inequality should involve on the left-hand side and on the 

right-hand side. To be precise and avoid dependence on the gradient on 
the right-hand side of ([T]), one should estimate the characteristic function 
(X{|v«|^o} ^ !)• 

The paper [3] is devoted to analysis of ([6]) as the Caccioppoli inequality, 
and Liouville-type result for solutions to —Ap(^x)U ^ <h are given therein. 

Remark 2.3. When we consider 1 < p{x) = p < oo, we retrieve the main re¬ 
sult of [27], implying the classical Hardy inequality with optimal constant (see 
[27] for the details and some other examples). Moreover, it gives optimal con¬ 
stants for Hardy-Poincare inequalities with weights of a type -|- |x|^^ 
involving the sufficiently big parameter a > 0 (see [28] for the details). 


Quasi—radial inequality 

When we assume that the nonnegative function u G which is 

supposed to satisfy —Ap(a;)M ^ is a radial function, we may simplify the 
statement of Theorem 12.11 We point out that we do not expect p{x) to be 
radial. For this reason we call this case quasi-radial. We remark that we start 
Subsection 13.11 with the example of radial u satisfying the PDI —Ap(^x)U ^ "f* 
with non-radial p. The proof of the following theorem is given in Appendix. 


Theorem 2.2 (Inequality with quasi-radial measures). Assume that H C 
is an open subset, p E ViVt), and u{x) = u(|x|) G fl is a 

nonnegative function. Assume further that a continuous function a{x) and a 
parameter /3 > 0 are such that sup^gf^ a{x) < (3 and the following condition 
is satisfied 


K{x) := a{x)- 


^(kl) 

u'(|x|) L 


(Vp(x), x) 


log|u'(|x|)| 

u"( X ) 

X 

u'(|x|) 


(p(x)-l)d 


n 


X 


^ 0 . 
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Then, for every Lipschitz function ^ with compact support in we have 

JQ Jn Jq p[x) 

where 

TiAdx) = \v’{\x\)\P^^\v{\x\))~^~^X{v>o}K{x)dx, 

Remark 2.4. The above inequality should be called Caccioppoli inequality 
for radial solution u{x) = r’d^l) to —Ap(a;)rt ^ <h and weighted Hardy inequal¬ 
ity for Lipschitz and compactly supported functions f (with not necessarily 
radial weights). For discussion see Remark 12.31 


3 Examples of variable exponent Hardy in¬ 
equality 

This section is devoted to original examples of (|6]). The first part deals with 
several applications of Theorem 12.21 Let us recall that we say it is quasi- 
radial case, because we expect here radial u (solving — ^ $), but not 

necessarily p. The second part of this section contains a non-radial example. 
We give it here to stress, that our method is general and we do not need 
simplihcations such us one-dimensionality or radiality. 


3.1 Quasi—radial case 


Before we present a sample inequalities resulting from Theorem 12.21 we point 
out that quasi-radial case is not empty. Indeed, it may happen that PDI 
—Ap( 3 ,)M ^ $ with non-radial p G P(f2) is satisfied by nonnegative radial 
function u G Let us give a one-dimensional example. 


Remark 3.1. On the hounded interval I C (—M, M) C M, with some M > 0 
function u{x) = —e(|x| -h M) is a radial solution to the PDE —Ap(^x)U = <h 
with 


p{x) 


2 +A- 

5- 4o 

x -\-2 


x < 0, 
x ^ 0. 


f X < 0, 

1- i _ pvO)-^ r > n 

[ (x+2P^ X ^ U. 
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To satisfy the rest of restrictions from Theorem 12.21 we take 


a{x) 


) X — M 
'(l-x)2 
o x+M 
° (a:+2)2 


x < 0, 
a: ^ 0. 


and /3 > 0. 


We note that p{x) G V{I) and a(x) is continuous. 

Let us present inequalities with power-type weights and with exponential- 
type weights as applications of Theorem 12.21 


Inequalities with power—type weights 

When we apply u{x) = |a;| in Theorem 12.21 we obtain the following result. 

Corollary 3.1. Let 12 C M"- \ {0}. Suppose that p G V{kl), a continuous 
function a(x) and a parameter (3 > 0 are such that sup^g^^ cr(a:) < j3 and 
cr(x) ^ n — 1. 

Then, for every Lipschitz function f with compact support in 12 , we have 


I + / i?ioger‘" 

ft ft o 

where 


ivp(x)r^^^ 

p{xY^^^ 


pi2,0{.dx) 




(9) 


Pl,y{dx) 

T2Adx) 


\x 


^ ^ {(j{x) + 1 — n) dx, 


|^|p(x)-/3-H'2 . 


p{x) — 1 
(5 — a(x) 


dx. 


Remark 3.2. When we choose ^(x) = (3 — 2{p{x) — 1) in Corollary 13 .1 1 and 
require that p G V{Q) satishes < ^-^+3 ^ ^ y-n+3 _ p+^ 

obtain ([9]) with 

Pip{dx) = s\x\~^~^dx, 
h2,^(hx) = dx. 


Before we present more complex example, let us dehne 

Ka{x) := a{x) -[(a — 1)((Vp(x), x) log |x| + p(x)) + n — a] . 














Corollary 3.2. Let C M"- \ {0}. Suppose that p G ViVL) is such that the 
function (Vp(x), x) log \ x\ is bounded from below (from above) by Cl eM and 
0^1 (0 < a < 1) is a given constant. Assume further that a{x) and (d > 0 
are such that a{x) < j3 and the following condition is satisfied 

aa{x) — n + a — p{x){a — 1) ^ (a — 1)Cl- 


Then, for every Lipschitz function ^ with compact support in Vt, we have 


I < / iver‘“V2,M*) 




|Vp(x)r^^ 

p{xf^'> 


P2,y{dx), 


where 


fii,g{dx) = • K^{x) dx 


.a (5 — a{x) 

Proof. We apply Theorem 12.21 to u{x) = We note that 


dx. 


n(|x|) = —|a:|", v'{\x\) = \x\°‘ \ v"(|x|) = (a — l)|x|“ 

a 

Direct computations gives desired inequality (meanwhile we divide the both 
sides of the inequality by o^). □ 

Remark 3.3. We note that when we choose cr(x) = (3 — in Theo- 

rem \3.^ in the case a> 1, the only reguirement on the exponent p G 'P(D) 

IS that P+ ^ c.y+2-n+a-^ia-l)C^ ^ ^ ay+2-n+a-^ia-l)C^ _ ^ 

have Hardy ineguality with 


/ii,^(dx) = dx 

ii2ddx) = 


Inequalities with exponential weights 

The other special case of the above quasi-radial inequalities are inequalities 
with exponential weights. We obtain them directly from Theorem 12.21 when 
we take u{x) = e^^) 

Let us define 

1 — Tl 

K^{x) := cr(x) — (Vp(x),x) — p{x) + 1 H-——. 
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Corollary 3.3. Let C M” and p G V{fl) is such that for some Ce> we 
have that {Vp{x),x) > Cg. Suppose that a continuous function a(x) and a 
parameter ft > 0 are such that sup^g^ a{x) < j3 and the following condition 
is satisfied 

|x|cr(a;) ^ \x\{Ce + p{x) — 1) + n — 1 

Then, for every Lipschitz function f with compact support in we have 


SI SI 




|Vp(x)r^"^ 

p{xf^'> 


P2,l3{dx), 


where 


pi,y{dx) 

pi2,g{dx) 


g|x|(p(x)-/3-l) . 


^\x\{p{x)-0-l) 


/ p(x) - 1 
\ j3 — a{x) 


p{x)-l 

dx. 


Remark 3.4. For a{x) = f3 — 2{p{x) — 1) in Corollary \3.3[ the only re¬ 
quirement on the exponent p G V{Ll) is that ^ + 1- Thus, for 

k = + 1 — P+, we have our inequality with measures 


pi,q{dx) = ke^^MC-h-i) 
P 2 Adx) = rfx. 


3.2 Non—radial example 

To emphasize that we do not have to be restricted to the case of radial 
function u, in this section we present application of Theorem 12.11 in the 
general settings. The computations are given in Appendix. 

n 

Corollary 3.4. Let fl = (M+)", J{x) = ^ = 1(2?^ + 1)(’^ + 1); 

i=i 

ft > 0 is an arbitrary number, T{x) = Assume p G V{kl) and 

n 

£ < T{x) a.e. in kl. 

i=i " 

Then, for every Lipschitz function f with compact support in 12, we have 


I i?r‘”Vi,/j(*) < / ivei‘’‘“V2,j(*) + / leiogei”''’ 

ft Q Q 




P 2 ,y{dx), 
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where 


h2,/3{,dx) 


g(p(x)-/3-l)J(x) 


p(x) 



. dp J(x) + 
^ dxj S 



g(p(x)-/3-l)J(x) _ 2P(*)-1 (lx. 


dx 


Remark 3.5. In Corollary \3.4\ we may consider various functions p{x), 
e.g. p{x) = 1 + or p{x) = 1 + (x + 

If we restrict ourselves to bounded domain, it suffices to assume that 

n 

T.i§- < T with a contant T. For instance for = [0,M]'^, we allow 

j=i 

rji _ — 25/3 

~ Mn-\-Mn^+logS' 


4 Links with the existing results 

In this section we present how onr resnlt is related to the several other in¬ 
equalities holding over hi C The detailed analysis of the one-dimensional 
case is given in Barnas-Skrzypczak [2]. 

We need to introduce the class of locally log-Holder continuous functions. 
By we understand the family of measurable functions p : hi —?■ (1, oo) 

satisfying (|2]) and the following condition 

\p{x) - p{y) I ^ -—-—^^ for all x,y 

‘“Sf* + whi) 

Results of Harjulehto—Hastd—Koskenoja [12] 

In [12] the norm version of Hardy inequality involving weights dependent 
on distance term from boundary is shown provided maximal operator is 
bounded. The main result of this paper reads as follows. 

Theorem 4.1 ([T^ Theorem 3.3]). Let H he an open and bounded subset 
o/M”. Suppose that p G Assume that, if B{x,r) is the open ball 

with center x and radius r and is the complement of then there exists 
a constant b > 0 satisfying |i?( 2 :,r) n ^ b\B{z,r)\ for every z G dfl and 
r > 0. 

Then, for all f G there exist constants C,ao >0 (depending 

only on p, n and b) such that for all 0 ^ a < oq, we have 
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where 5{x) = dist(x, 9f2). 

The authors point out that if p~ > n, then Hardy inequality flT0|) holds 
on every bounded open set in M”. Additionally, the authors of [12] indicate 
that, if w is a modulus of continuity such that u{x) log ^ oo as x ^ 0, 
then there exists a variable exponent, such that \p{x) — p{y)\ ^ uj{\x — y\), 
for which Hardy inequality does not hold with ^ G 

The main difference between our result and the one of [T2| is that ina is 
a norm version of Hardy inequality, while we obtain the modular one with 
the additional term. We recall that in we deal with the norm 



which in the case of nonconstant exponent is not directly comparable with 
\u{x)\^^^^dx (see e.g. Fan-Zhao [m Theorem 1.3]). 

Moreover, (ITOl) involves the measures 5““^ and 5“ under the norm sign, 
while in our Theorem 12.11 the internal measures are trivial. On the other 
hand, in ffTOj) the external measure on the both sides of inequality is the 
Lebesgue’s measure, while in our case the external measures on the both 
sides of the inequality are different and nontrivial. 

Results of Chen |I6] 

In [B] the norm version of Hardy type inequality is established in weighted 
variable exponent Sobolev space. Moreover, the results are applied in the 
proof of the existence of a nontrival weak solutions of a p(x)-harmonic equa¬ 
tions. The main result of this paper reads as follows. 

Theorem 4.2 ([6l Theorem 3.3]). Let p G P(M”'). Suppose that w{x) = 
tc(|x|), vo{x) = no(|x|), ni(x) = ni(|x|) are radial weight functions positive, 
measurable and finite a.e. in M"'. Let us define 


= {ue E{R^) : G LP^^\R^)}, 



Assume further that uoda^Dla^l"' ^ G L^(M+), Pi = P 2 
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{p+(p+ _ ip^) ip — ^p+ _ i'^^p+(^p — 1 )}^ a,fi(i the following condition 
sup ^ / (ui(s)s”“^) / ^ 0 ( 5 ) 5 ”“^ < cxo (11) 

'f'i^Pi •-/ 0 J t 

0<i<oo 

holds for all y belonging to the unit sphere in M"", then there exists a eonstant 
C > 0 such that for every ^ e '^^ose trace is zero, we have 

the following Hardy-type ineguality 


lien 


vq{x )^ 


<c'iiveiUw 


Ul(x)'' 


")■ 


( 12 ) 


The major difference between our result and the one of Chen [B] is 
that ffT^ is a norm version of Hardy inequality, while our is a modular one. In 
non-constant exponent case, there is no equivalence between this two forms 
(see the comment on the result of Harjulehto-Hasto-Koskenoja |12jh 

The assumption (fTTD should be called Muckenhoupt-type condition, which 
is classical when we deal with a constant exponent (see the seminal pa¬ 
per [22]). This kind of approach is not constructive and therefore it is hardly 
comparable with our approach. 


Results of Rafeiro—Samko |23| 

In [23] the derived Hardy inequality is connected with Riesz potential. It 
is stated on a bounded domain H C M”', which complement has the 

cone property and satisfies some condition involving a parameter a and 
(for more details see [23]). The main result reads 

L.M(n) 0 < “ < min (l. • 

where the variable exponent p{x) satisfies the log-Holder condition and 5{x) = 
dist(x,(9H). Similar Hardy inequality is considered in j2Uj . 


5{x) 




\x - 


dy 
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Appendix 


Proof of Fact \2.1[ In order to compute Ap( 2 ;)M(a:) = div(|Vw(x)|^^^^ ^Vw(x)), 
we note that 


^ / N r //I / //I 

v«w= (|i|)^] = 




d - 
dxj - 




^ Tl,/. 


dxj L 


V \x 


1 ) 1 ”' 


x)-2 


+ |7;'(|x|)r(")-2 A L'(l^l) . p. 


dxi 


X J 


Therefore, 


A r|^'(|^|)|PW-2 = \v'{\x\)\pp)-^ -^\p{x) - 2] . log |x'(|x|)| + (p(x) - 2)^ 


T d 


x"(|x|) Xj 


dxj L 

A 

dxj 


-dx 


x'(|x|) |x|- 


x'dxl) • 


X 

|x| J 


-^W{\x\)]^^ + fnl = ^"(1^1)^ + ^'(1® 

oxj |x| aXjL|x|J Ixp 


1 x" 


X X 


3 7 ■ 


Thus 


fi r 

\{x)uix) = E a|- |Vu(x)|P("^)"2Vu(x) 


7=1 


/ V ^ / ^—p(^)^Og\v'(\x\)\vU\x\) ///I IN //I IN 

„,(|^.|)p(.)-2 ..,w « >1 1) ^, ^ 

7=1 ^ 


1_ i 


Ix'dxDp^"^) ^v'{\x\)\{Vp{x),x) + pjp(p(x) - 1) + 


w'(|x|) 


n—1 

hi 


□ 


Proof of Theorem 12.21 The result follows from Theorem 12.11 when instead of 
the PDI we take PDE —Ap(^x)U = ‘f*- We apply Fact 12.11 and realize that 

—Ap(^x)U ■ u + a{x)\'Vup^ = 


= —Ix'dxDI^*-^^ ^x'dx|)xdx|) (Vp(x),x) 


log|x'dx|)| x"dx|) 




n — 1 


X 


+ 


+a(x)|x'dx|)|P(") = 




Iff 1)1 + - 1) + 

|x| I) (|3)|) |a)| 
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= \v'{\x\)\P^^'> -Kix) ^ 0 . 


□ 


Proof of Corollary \3.4\ We apply Theorem 12 .1 1 with the function u : M” —)■ 


such that 

Xl{^X\ , . . . , XjT.) 

qJO _ Then 



S/jU 

= 




— 2 ^ipO 2)J(x^ 




= 2 q(pO gJ{- 


^ ( 

dxj ' 



n 

—fi 

dx^ V 


= g^ . 


J{x) + ^ ap j ■ 

—s— 


i=i 


Ax)+^-^-.dp ^; 


s 


■ 1 

j=i j 


Thus, when we take a{x) = p{x) + (3 — 1 , we have 

—Ap( 3 ;)n • u + a{x)\'Vu\P^^^ 




qpC)J(x) 


a(x) + 1 - p(x) - E 


i=i 


/3 


i=i ' ■ 


which is assumed to be nonnegative. 


□ 
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